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Explicit Algebraic Scalar Flux Approximation

Y. Shabany¤ and P. A. Durbin²

Stanford University, Stanford, California 94305-3030

A new method is proposed to obtain explicit solutions of the algebraic approximationto second-moment closure

models for the turbulent ¯ ux of passive scalars. Equivalently,the method gives exact equilibrium solutions to scalar
¯ ux transport models. An intermediate step relates scalar ¯ ux transport to the Lagrangian dispersion tensor in

homogeneous turbulence. Solvability and stability properties of closure models are assessed by the solution. The
exact solution serves as a closure model for the asymmetric eddy diffusion tensor.

I. Introduction

T HE abilityof turbulentmotion to mix a passivescalar is a prop-
erty of the ¯ ow® eld, not of the scalar. A prediction method for

scalar transport, then, might be regarded as a proposed relationship
between the turbulentscalar¯ ux and the Reynoldsstressesresponsi-
ble for that ¯ ux. The simplest model is Reynolds analogy or the tur-
bulentPrandtlnumber.But thisPrandtlnumberhasbeenfoundto de-
pend signi® cantly on ¯ ow properties and geometry;more elaborate
models will inevitablybe needed for aerospaceapplications involv-
ing heat-transfer prediction. The present paper describes a mathe-
matical analysis of equilibrium solutions to a commonly used clo-
sure of the scalar-¯ ux transport equation. It develops a closed-form
solution that explicitly relates scalar ¯ ux to Reynolds stress. The
solution provided is for the case of a two-dimensional mean ¯ ow.

The algebraic stress approximation is a systematic method to de-
rive non-Bousinesqconstitutiverelationsfor turbulenttransport.It is
formallyequivalentto an equilibriumsolutionin homogeneous¯ ow.
So the presentsolutionplays a dual role as an approximateconstitu-
tive relation and as an exact equilibrium solution. This connection
between equilibrium states and algebraic approximation makes the
present analysis relevant to the general subject of development and
use of turbulence closure models.

The exact scalar-¯ ux equation in homogeneous turbulence is1

dh ui

dt
= ¡ ui u j @j H ¡ h u j @j Ui + }h i

(1)

The meanscalarconcentrationis H and h u i is the turbulentReynolds
¯ ux.The term ¡ h u j @j Ui is the rateof turbulent¯ uxproductionfrom
mean ¯ ow gradients,and ¡ ui u j @j H is productionfrom mean scalar
gradient. The de® nition

}h i = ¡ (1/ q )h @i p ¡ ( j + m )@j ui @j h (2)

incorporates all unclosed terms into a single expression. Closure
requires that }h i

be replacedby a function of the dependentvariable
h u i . If the Reynolds stress ui u j , mean velocity, and mean scalar
concentrationare given, the functional form

}h i = Fi (h u a , @b U a , @a H , u a u b ) (3)

can be considered. The superposition principle for passive scalars
allows only terms that are linear in concentration.The most general
form of Fi , subject to this constraint, was discussed by Dakos and
Gibson.2 The following form has been used in several models1 , 3:

}h i = ¡ (cM e / k)h u i + ch 1
ui u j @j H + ch 2

h u j @j Ui

+ ch 3
h u j @i U j (4)
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in which k is the turbulence kinetic energy and e is the rate of its
dissipation: T ´ k/ e provides a turbulent timescale. Substituting
Eq. (4) into Eq. (1) gives the closed equation

dh ui

dt
= (ch 1 ¡ 1)ui u j @j H + (ch 2 ¡ 1)h u j @jUi

¡
cM e

k
h u i + ch 3

h u j @iU j (5)

We wish to obtain the equilibrium solution to this equation.

II. Equilibrium Assumption
In homogeneousturbulencethemean temperaturegradientis gov-

erned by

d@i H

dt
= ¡ @i U j @j H (6)

so, in general, the mean gradientwill be time dependent.As the ® rst
step toward obtaininga time-independentsolution,we introduce the
dispersion tensor Di j , de® ned by

h ui = ¡ Di j @j H (7)

Substituting this into Eq. (5), and using Eq. (6), gives the evolution
equation

dDi j

dt
= Dik @kU j + (1 ¡ ch 1

)u i u j + (ch 2 ¡ 1)@kUi Dk j

¡
cM e

k
Di j + ch 3

Dk j @i Uk (8)

Note that Di j is neither a symmetric nor a trace-free tensor.
The dispersion tensor is a property of the turbulence, not of the

passive scalar; in Lagrangian theory Di j = ui X j , where X i (t ) is the
random position of a ¯ uid element. Indeed, Durbin and Shabany4

derive Eq. (8) from a Langevin equation for the ¯ uid trajectories.
Hence, the dispersion tensor should be normalized by turbulence
statistics; the nondimensional form K i j = Di j e / k2 should become
constant at equilibrium. Generally, k and e themselves are not con-
stant at equilibrium; for instance, in homogeneous straining ¯ ow,
the k ¡ e model predicts that both grow in time at the same ex-
ponential rate. The dispersion tensor (and eddy viscosity too) then
grows in time like k2/ e ; similarly, u i u j grows like k, which is why
the normalized quantity K i j attains a constant equilibrium state.

Differentiating K i j = Di j e / k2 gives

dK i j

dt
=

e

k2

dDi j

dt
+

Di j

k2

d e

dt ¡
2 e Di j

k3

dk

dt

Using the standard k and e equations

dk

dt
= P ¡ e

d e

dt
=

c²1 P ¡ c²2 e

T
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the transport equation for Ki j is obtained:

dK i j

dt
= K ik @kU j + (1 ¡ ch 1

)
u i u j

T k
+ (ch 2 ¡ 1)@kUi Kk j

¡
Ki j

gh T
+ ch 3

Kk j @i Uk (9)

in which

gh = [cM + (2 ¡ c²1)P+ c²2 ¡ 2] ¡ 1

and P= P/ e .

III. Explicit Solution
The equilibrium condition is dKi j /dt = 0. Introducing this into

Eq. (9) and rewriting the velocity gradient in terms of the rate of
strain and rate of rotation tensors results in the matrix equation

K ¡ K £ S + K £ W ¡ a1S £ K ¡ a2W £ K = ¿ (10)

in which a1 = ch 2 + ch 3 ¡ 1, a2 = ch 2 ¡ ch 3 ¡ 1, and

Si j =
gh T (@j Ui + @i U j )

2

Wi j =
gh T (@j Ui ¡ @i U j )

2
(11)

s i j = (1 ¡ ch 1
)gh

u i u j

k

Recall that T = k/ e . ¿ is a scaled Reynolds stress tensor that acts
as a source term in Eq. (10).

G =
æ
ççççè

1 ¡ (1 + a1)S11 ¡ S12 ¡ W12 ¡ a1 S12 ¡ a2W12 0

¡ S12 + W12 1 + (1 ¡ a1)S11 0 ¡ a1 S12 ¡ a2W12

¡ a1S12 + a2W12 0 1 ¡ (1 ¡ a1)S11 ¡ S12 ¡ W12

0 ¡ a1 S12 + a2W12 ¡ S12 + W12 1 + (1 + a1)S11

ö
÷÷÷÷ø

(19)

If expression (10) were used in a nonequilibrium, nonhomoge-
neous ¯ ow, it would be referred to as an algebraic ¯ ux model. As it
stands, it is an implicit relation of the form

K i j = Fi j (W, S, ¿) (12)

Pope5 andGatskiand Speziale6 explainedhow algebraicstressmod-
els (for u i u j / k) can be solved explicitlyby using tensor representa-
tion theorems.In thatmethod,the solutionis expandedin an integrity
basis. The integrity basis provides the general tensorial form of the
solution. The coef® cients of the expansion are scalar functions of
tensor invariants that must be found for the particular model. They
are obtained through use of the Cayley±Hamilton theorem general-
ized to functionsof two tensors. In the case of Eq. (12), the solution
involves three tensors, W, S, and ¿; although only terms linear in
¿arise, the lack of symmetry and trace-free constraints results in a
seven-componentintegritybasis, even in two dimensions (in Pope’s
case,5 the two-dimensionalbasis containedfour elements).The lack
of symmetry makes the analysis rather messy, and we were not able
to obtain a solution by that method.

In the following, we describe a new method to obtain an explicit
algebraic ¯ ux model by solvingEq. (10) in closed form. There is no
need to expand the solution in the integrity basis, although the ® nal
formula can be put into that form. The approach uses properties of
the direct product of two tensors (see Appendix A), combined with
the generalized Cayley±Hamilton theorem.

First, Eq. (10) is written as

I £ K £ I ¡ I £ K £ S + I £ K £ W ¡ a1S £ K £ I

¡ a2W £ K £ I = ¿ (13)

where I is the identity tensor.This is a matrix equationwith a matrix
unknown K; it is of the form Eq. (A3). The method explained in

Appendix A is used to rewrite this n £ n matrix equation as an n2-
dimensional vector equation for k with a coef® cient matrix similar
to Eq. (A6):

(I ­ IT ¡ I ­ ST
+ I ­ WT ¡ a1S ­ IT ¡ a2W ­ IT )k = ¿ (14)

In two dimensions

k = (K11, K12 , K21 , K22)T and ¿ = ( s 11 , s 12 , s 21, s 22)
T

The direct product A ­ B of two n £ n matrices is an n2 £ n2

matrix, as explained in Eq. (A1). Because S and W are symmetric
and antisymmetric, respectively,Eq. (14) can be rewritten

(I ­ I ¡ I ­ S ¡ I ­ W ¡ a1S ­ I ¡ a2W ­ I)k = ¿ (15)

If we de® ne the tensor G to be the matrix on the left,

G = I ­ I ¡ I ­ S ¡ I ­ W ¡ a1S ­ I ¡ a2W ­ I (16)

then the solution to (15) is

k = G ¡ 1¿ (17)

Consider the case of a two-dimensional mean ¯ ow. Then G is a
4 £ 4 matrix. G ¡ 1 is given by the Cayley±Hamilton theorem7

G ¡ 1
= (1/ IG4

) [IG3
I ¡ IG2

G + IG1
G2 ¡ G3

] (18)

where IG1
to IG4

are the four invariants of G.
For a two-dimensional, incompressiblemean ¯ ow,

S = ( S11 S12

S12 ¡ S11) W = ( 0 W12

¡ W12 0 ) I = ( 1 0

0 1)
Then the explicit form of G is

It is shown in Appendix B that

G ¡ 1
= (1/ b 1) f b 2I ­ I + b 3I ­ (S + W) + b 4(a1S + a2W) ­ I

+ 2(a1S + a2W) ­ (S + W) g (20)

where

b 1 = 1 ¡ (1+a2
1
)S2

kk ¡ (1+ a2
2
)W 2

kk +
1
4 [(1 ¡ a2

1
)S2

kk + (1 ¡ a2
2
)W 2

kk]
2

b 2 = 1 ¡ 1
2
(1 + a2

1
)S2

kk ¡ 1
2
(1 + a2

2
)W 2

kk

b 3 = 1 ¡ 1
2
(1 ¡ a2

1
)S2

kk ¡ 1
2
(1 ¡ a2

2
)W 2

kk

b 4 = 1 + 1
2
(1 ¡ a2

1
)S2

kk + 1
2
(1 ¡ a2

2
)W 2

kk

The solution to Eq. (15) is then

k = (1/ b 1)[b 2I ­ I + b 3I ­ (S + W) + b 4(a1S + a2W) ­ I

+ 2(a1S + a2W) ­ (S + W)]¿ (21)

and the solution to Eq. (10) is

K = (1/ b 1)[ b 2¿ + b 3¿ £ (S ¡ W) + b 4(a1S + a2W) £ ¿

+ 2(a1S + a2W) £ ¿ £ (S ¡ W)] (22)

The ® nal solution (22) was obtained from Eq. (21) by following the
steps (10) ! (13) ! (14) ! (15) in reverse.

Equation (22) is an explicit algebraic expression for the nondi-
mensional dispersion tensor K in equilibriumturbulence.Although
the mean ¯ ow is two-dimensional, the turbulence ® eld is three-
dimensional. However, Eq. (10) shows that in a two-dimensional
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Fig. 1 Time-dependent solution for homogeneous shear ¯ ow.

Fig. 2 Time-dependent solution for homogeneousplane straining ¯ ow.

mean ¯ ow K33 = s 33. Therefore, the coef® cient of ¿ in Eq. (22) is
simply altered [using Eq. (B1)] to obtain

K = ¿ + (1/ b 1)[2( b 2 ¡ b 1)[(S2 £ ¿)/S2
kk] + b 3¿ £ (S ¡ W)

+ b 4(a1S + a2W) £ ¿ + 2(a1S + a2W) £ ¿ £ (S ¡ W)]
(23)

which is valid for a two-dimensional mean ¯ ow and three-dimen-
sional turbulence.

This provides a constitutive model for scalar transport. In the
integrity basis method, the last term, involving the product of three
matrices, would be expanded in terms of the relevant integrity basis
(¿, S, W , S2, W £ S, W £ ¿, and S £ ¿); the resulting expression
is rather more complicated.

The closed-formequilibriumsolution is con® rmed by Figs. 1 and
2. These contain time-dependent numerical solutions to Eq. (9) in
conjunction with a solution to the corresponding ui u j equations
of the SSG-model,8 both obtained by a fourth-order Runge±Kutta
method. Durbin and Shabany4 report two sets of constants that pro-
duce results in close agreement with direct numerical simulation
(DNS) data for the dispersion tensor of equilibrium homogeneous
shear ¯ ow. We selected ch 1 = 0, ch 2 = 0.41, ch 3 = 0.21, and
cM = 2.89 from this paper to obtain the results shown in Figs. 1 and
2. The equilibrium ratios K11/ K22 = 1.08, K12/ K22 = ¡ 2.22,
K21/ K22 = 0.35 attained in homogeneous shear ¯ ow are in
rough agreement with DNS data; Rogers estimates K11/ K22 ¼ 1,
K12/ K22 ¼ ¡ 2, K21/ K22 ¼ 0 from his DNS data (private commu-
nication).At each time, the equilibriumsolution (22) was evaluated
and is plotted as a dotted line. This usage is the essence of the al-
gebraic stress approximation;the equilibriumsolution is used as an
approximation in nonequilibrium states. Time is nondimensional-
ized by the rate of shear dU/dy in Fig. 1 and by the rate of strain
dU/ dx = ¡ dV / dy in Fig. 2. The initial condition is that the turbu-
lence is isotropic: u i u j = 2

3
d i j k. The initial condition K i j = 0 was

used in the shear-¯ ow computationand the plane straining ¯ ow cal-
culation was initialized by the equilibrium isotropic state K i j = s i j

[i.e., S = W = 0 in Eq. (23)]. Either of these two initial conditions
produces similar qualitative behavior.

Figures 1 and 2 illustrate an initial rapid transient, during which
the equilibriumapproximationis invalid.By a nondimensionaltime
of about4, thequasiequilibriumsolutionis providinga goodapprox-
imation to the time-dependent calculation.

IV. Solvability and Stability
The solution (22) gives a ® nite value for the components of the

dispersion tensor unless b 1 = 0. Hence, b 1 6= 0 is the solvability
conditionfor Eq. (10).However, evenwhen this conditionis met, the
solution might be an unstable equilibrium. To investigate this, we
note that Eq. (22) is the steady solution to the differential equation
(9), which can be written

dk

dt
+

1

gh T
G £ k =

1

gh T
¿ (24)

This has four independenthomogeneousand one particularsolution.
The homogeneoussolutionsdecay or grow with time, dependingon
whether the real part of the eigenvaluesof G is positive or negative,
respectively (gh > 0 for parameters of interest). If all the homo-
geneous solutions decay with time, the particular solution (22) is a
stable equilibrium. Thus, Eq. (22) is strictly valid only if all eigen-
values of G have positive real part. If we de® ne

x ´ 1
2
(1 + a2

1
)S2

kk + 1
2
(1 + a2

2
)W 2

kk

and

y ´ 1
4
(S2

kk + W 2
kk

)(a2
1 S2

kk + a2
2 W 2

kk
)

then the eigenvalues of G are

k i = 1 § Ï x §2 p y (25)

for the four combinations of the §values.
Figure3 shows the regionsin which the realpartof theeigenvalues

k 3 = 1 ¡ p (x + 2 p y) and k 4 = 1 ¡ p (x ¡ 2 p y) is positive or
negative.The SSG model8 was used to obtain valuesofa1 = ¡ 0.38,
a2 = ¡ 0.8, which were used to produce this ® gure. Other models
give a similar stability diagram; in fact, it can be shown that the
diagonal line in Fig. 3 is given by S2

kk = 2 ¡ W 2
kk independentlyof

the model constants a1 and a2 . The eigenvalue that is most likely
to have negative real part is k 3 = 1 ¡ p (x + 2 p y). Therefore, as
soon as the real part of this eigenvalue becomes negative Eq. (24)
will have an exponentially growing solution and there is no stable
equilibrium.On the other hand, b 1 is the product of the eigenvalues
of G. Therefore, whenever b 1 = 0 at least one of the eigenvalues
of G is zero; this shows that Eq. (22) is valid until the ® rst zero of
b 1 occurs. Note that homogeneous shear ¯ ow corresponds to the
diagonal line W 2

kk = ¡ S2
kk and lies in the stable region. It should be

mentioned that when Wi j = 0 the stable equilibrium region is up
to ÄS2

kk ¼ 55 (using the same constants as used for Fig. 3), where
ÄSi j ´ T (@j Ui + @i U j )/ 2. Hence, in most practical situations the
model has stable equilibria.

Fig. 3 Eigenvalues of G.
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V. Correspondence to Reynolds Stress Model
Pope9 and Durbin and Shabany4 discuss the consistent formu-

lation of scalar-¯ ux and Reynolds-stress closures. In essence, they
show that the model constantsch 2

and ch 3
are equal to corresponding

coef® cients in the rapidpressure-strainmodel. The eigenvaluesof G
depend on two independentvariables, S2

kk and W 2
kk , and gh depends

on Ṕ P/ e . S2
kk is related to Pthrough the equilibriumsolution to

the Reynolds stress closure

S2
kk = (Pg2

h /2c l ) (26)

where cl can be found for each particular model; the solvability
condition for the Reynolds stress model is 1/ c l 6= 0. It was shown
implicitly by Pope5 that, when the consistencycondition (26) is im-
posed, the equilibrium approximation to the LRR model10 is solv-
able for all S and W (Durbin and Shabany4 note that the consistency
condition generally imposes solvability).

The question arises whether this consistency condition will also
prevent b 1 from vanishing when a self-consistentReynolds-stress±
scalar-¯ ux closure is adopted. To avoid the possibility of the real
part of k 3 becoming negative, the limiting value of S2

kk as P! 1would have to be less than the smallest value of S2
kk at which the real

part of this eigenvaluecrosses zero. In what follows, it is shown that
this condition is not generally met by second-orderclosure models.

For the SSG model, the expression for cl is6

cl =
(8/5 + 3c ¤

s
p I I )g

2[3 ¡ 2(g/ gh )2a2
1 S2

kk ¡ 6(g/ gh )2a2
2 W 2

kk]

where g = (c1 + c ¤
1P+ P¡ 1) ¡ 1 in terms of the constants of the

SSG model (recall that S contains a factor of gh in its de® nition).
Substituting this into Eq. (26), the following expression for S2

kk is
obtained:

S2
kk = Pg[3(gh / g)2 ¡ 6a2

2 W 2
kk]

8/ 5 + 3c ¤s p I I + 2a2
1Pg

(27)

where

p I I = gPj a1 j ( 1

(g/ gh )2a2
1 S2

kk
¡

2a2
2 W 2

kk

a2
1 S2

kk

+
2

3 )
1
2

From the de® nitions of g and gh ,

lim
P! 1

gP= lim
P! 1

P
c1 + c ¤1P+ P¡ 1

=
1

c ¤1 + 1

lim
P! 1

gh

g
= lim

P! 1
c1 + c ¤

1P+ P¡ 1

cM + (2 ¡ c²1)P+ c²2 ¡ 2
=

c ¤
1 + 1

2 ¡ c²1

Therefore,

Ï I I 1 ´ lim
P! 1

p I I

= j a1 j
c ¤

1 + 1 (
(c ¤

1 + 1)2

(2 ¡ c²2)2a2
1 S2

1
¡

2a2
2 W 2

kk

a2
1 S2

1
+

2

3)
1
2

(28)

S2

1 ´ lim
P! 1

S2
kk

=
3(c ¤1 + 1)2

¡ 6a2
2 (2 ¡ c²1)2W 2

kk

[2a2
1 + (8/5 + 3c ¤s p I I 1 )(c ¤1 + 1)](2 ¡ c²1)2

(29)

If c ¤
s is not zero (SSG model), these equations have to be solved

simultaneously for p (I I 1 ) and S2

1 . On the other hand, for the IP
(isotropization of production) or LRR model, c ¤

s = 0 and Eq. (29)
is independentof Eq. (28).

In Fig. 3 the smallest value of S2
kk for which the real part of k 3

is negative corresponds to pure straining ¯ ow Wi j = 0. In this case
b 1 = 0 has two solutions:

S2
kk =

2

(1 ¡ a1)2
and

2

(1 + a1)2

Hence, k 3 = 1 ¡ p (x + 2 p y) becomes negative for S2
kk > 2/

(1 ¡ a1)2 [or S2
kk > 2/ (1+a1)2 if a1 > 0]. Therefore,the equilibrium

solutionwill bevalidforall valuesof Si j andWi j if S2

1 < 2/ (1¡ a1)2.
This condition is not satis® ed by either the SSG or the LRR model;
for example, in the LRR model, a1 = ¡ 0.125, c ¤

1 = 0, c ¤
s = 0, and

c²1 = 1.44, giving S2

1 = 5.86, while 2/ (1 ¡ a1)2 = 1.58.
It seems quite likely that all existingmodels will have unphysical

regions in which the equilibrium scalar-¯ ux solution is unstable.
The consistencycondition(26) that prevents this for Reynoldsstress
closure has no analog for the scalar-¯ ux model. However, it is rather
straightforwardto derive a condition on the model coef® cient cM so
that S2

1 < 2/ (1 ¡ a1)2 is ensured. Because S2
kk = g2

h
ÄS2
kk with the

de® nition ÄSi j = 1
2
T (@j Ui + @i U j ), the condition S2

kk < 2/ (1 ¡ a1)2

is satis® ed if cM is constrained by

cM > 2 ¡ c²2 ¡ (2 ¡ c²1)P+ {1
2
(1 ¡ a1)2 ÄS2

kk}
1
2

This constraint can be used to guide the development of models;
for instance, a strain-dependentcM can be formulated to ensure that
stable equilibrium states always exist.

VI. Conclusions
The equilibrium solution of a transport equation for the nor-

malized dispersion tensor was obtained for homogeneous turbulent
¯ ows, and the conditions in which the solution was a stable equilib-
rium were discussed. The solution was obtained by a new method
that used the properties of a direct product of tensors to reduce a
tensor equation to a vectorequation. It was shown that, for homoge-
neous ¯ ows, the equilibrium solution was in good agreement with
the time-dependentsolutionafter a nondimensionaltime of about4.
This equilibrium solution provided an explicit algebraic ¯ ux model
for nonequilibriumand nonhomogeneous¯ ows.

Appendix A: Direct Product of Matrices
The direct product of the 2 £ 2 matrices A and B is a 4 £ 4 matrix

de® ned by

A ­ B = ( a11B a12B

a21B a22B) =
æ
çççè

a11b11 a11b12 a12b11 a12b12

a11b21 a11b22 a12b21 a12b22

a21b11 a21b12 a22b11 a22b12

a21b21 a21b22 a22b21 a22b22

ö
÷÷÷ø

(A1)

The following properties of the direct product follow from its
de® nition11:

1) If l is a constant, ( l A) ­ B = A ­ ( l B) = l (A ­ B).
2) (A + B) ­ C = A ­ C + B ­ C.
3) A ­ (B + C) = A ­ B + A ­ C.
4) A ­ (B ­ C) = (A ­ B) ­ C.
5) (A ­ B)T = AT ­ BT .
It can be proved that if A and C are m £ m and B and D are n £ n

matrices, then (A ­ B)(C ­ D) = AC ­ BD (Ref. 11). As a corollary
of this, if A1 , A2, . . . , Ak are m £ m matrices and B1 , B2, . . . , Bk

are n £ n matrices, then

(A1 ­ B1) £ (A2 ­ B2) ¢ ¢ ¢ (Ak ­ Bk )

= (A1 £ A2 ¢ ¢ ¢ Ak) ­ (B1 £ B2 ¢ ¢ ¢ Bk ) (A2)

The use of the direct product of matrices in solving linear matrix
equations is of interest here. Consider the general matrix equation
for the n £ n unknown matrix X:

A1 £ X £ B1 + A2 £ X £ B2 + ¢ ¢ ¢ + Ak £ X £ Bk = C (A3)

where A1 , . . . , Ak , B1 , . . . , Bk , and C are n £ n matrices. Note that
this is n2 scalar equations for the elements of X. The r , s element
of this equation can be written

n

Si, j = 1

ar i xi j b js = cr s (A4)
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We de® ne the n2-dimensional vectors x and c by

x =
n

Si, j = 1

xi j Ãe(i ¡ 1)n + j c =
n

Sr, s = 1

crs Ãe(r ¡ 1)n + s (A5)

where Ãei are unit vectors.We want to ® nd matrix G so that the matrix
equation

k

S i = 1

Ai £ X £ Bi = C

is equivalent to the vectorequationG £ x = c. SubstitutingEq. (A5)
into this equationand projectingonto the unit directionvectorsgives

n

Si, j = 1

g(r ¡ 1)n + s, (i ¡ 1)n + j xi j = cr s

in indexnotation.Comparing thecoef® cientof xi j to that in Eq. (A4)
shows that

g(r ¡ 1)n + s, (i ¡ 1)n + j = ar i b js

in other words, the matrix G has the element ar i b js in row (r ¡ 1)n

+ s and column (i ¡ 1)n + j . These are exactly the elements of
matrix

k

S i = 1

Ai ­ BT
i

Thus, the matrix equation (A3) is equivalent to Gx = c, where

G = A1 ­ BT
1 + A2 ­ BT

2 + ¢ ¢ ¢ + Ak ­ BT
k (A6)

The solution of the equation in this new form is equal to x = G ¡ 1c,
where G ¡ 1 is the inverse of G.

Appendix B: Derivation of G ¡ 1

The inverse of 4 £ 4 tensor G can be obtained by the Cayley±
Hamilton theorem, Eq. (18). For the G given by Eq. (19),

IG1 = 4 IG2 = 6 ¡ (1 + a2
1
)S2

kk ¡ (1 + a2
2
)W 2

kk

IG3 = 4 ¡ 2(1 + a2
1
)S2

kk ¡ 2(1 + a2
2
)W 2

kk

IG4 = 1 ¡ (1 + a2
1
)S2

kk ¡ (1 + a2
2
)W 2

kk

+ 1
4 [(1 ¡ a2

1
)S2

kk + (1 ¡ a2
2
)W 2

kk]
2

G2 is calculated by multiplying Eq. (16) by itself, and Eq. (A2) is
used to obtain the product of two direct products:

G2
= (I ­ I ¡ I ­ S ¡ I ­ W ¡ a1S ­ I ¡ a2W ­ I)

£ (I ­ I ¡ I ­ S ¡ I ­ W ¡ a1S ­ I ¡ a2W ­ I)

= I ­ I ¡ I ­ S ¡ I ­ W ¡ a1S ­ I ¡ a2W ­ I

¡ I ­ S + I ­ S2 + I ­ S £ W + a1S ­ S + a2W ­ S

¡ I ­ W + I ­ W £ S + I ­ W2 + a1S ­ W + a2 W ­ W

¡ a1S ­ I + a1S ­ S + a1S ­ W + a2
1S2 ­ I

+ a1a2S £ W ­ I ¡ a2W ­ I + a2W ­ S + a2W ­ W

+ a1a2W £ S ­ I + a2
2W2 ­ I

From the generalized Cayley±Hamilton theorem in two dimen-
sions,7

S2
= 1

2
S2

kk I W2 = 1
2
W 2

kkI WS = ¡ SW (B1)

Using these and combining all like terms, the following expression
for G2 is obtained:

G2 = D 1I ­ I ¡ 2I ­ S ¡ 2I ­ W ¡ 2a1S ­ I ¡ 2a2W ­ I

+ 2a1S ­ S + 2a2W ­ S + 2a1S ­ W + 2a2W ­ W (B2)

where

D 1 = 1 + 1
2
S2

kk
(1 + a2

1
) + 1

2
W 2

kk
(1 + a2

2
)

Similarly, the expression for G3 is obtained by multiplying Eq.
(16) by Eq. (B2):

G3 = (3 D 1 ¡ 2)I ­ I ¡ (3 D 1 ¡ S2
kk ¡ W 2

kk
)(I ­ S + I ­ W)

¡ ( D 1 + 2 + S2
kk + W 2

kk
)(a1S ­ I + a2W ­ I)

+ 6a1(S ­ S + S ­ W) + 6a2(W ­ W + W ­ S) (B3)

Finally, substituting Eqs. (B2) and (B3) and the expressions for
the invariants of G into Eq. (18), G ¡ 1 is obtained:

G ¡ 1 = (1/ b 1)[ b 2I ­ I + b 3(I ­ S + I ­ W)

+ b 4(a1S ­ I + a2W ­ I) + 2(a1S ­ S + a2W ­ S

+ a1S ­ W + a2W ­ W)] (B4)

where b 1 to b 4 are given after Eq. (20). This expression can be
simpli® ed to Eq. (20) by using properties 2 and 3 of the direct
product given in Appendix A.
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